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We report on cooling the center-of-mass motion of a nanoparticle due to a purely quadratic cou-
pling between its motion and the optical field of a high finesse cavity. The resulting interaction gives
rise to a Van der Pol nonlinear damping, which is analogous to conventional parametric feedback
where the cavity provides passive feedback without measurement. We show experimentally that
like feedback cooling the resulting energy distribution is strongly nonthermal and can be controlled
by the nonlinear damping of the cavity. As quadratic coupling has a prominent role in proposed
protocols to generate deeply nonclassical states, our work represents a first step for producing such
states in a levitated system.
The field of cavity optomechanics has made significant
progress over last decade by controlling and tailoring the
interaction between an optical field and a mechanical os-
cillator. Mechanical modes have been brought into the
quantum regime [1, 2]. This includes quantum mechani-
cal squeezing of an oscillator below its zero point fluctu-
ations [3] and entanglement between two mechanical os-
cillators [4, 5]. More recently, the creation of oscillators
levitated in vacuum using optical, electrical or magnetic
fields have been realised. These systems offer greater de-
coupling from the environment, and they typically only
have a few mechanical degrees of freedom [6–8]. They
also introduce new optomechanical degrees of freedom
via their rotational motion [9].
By trapping charged nanospheres in a Paul trap, or in
a focused laser beam, ∼nHz mechanical linewidths are
theoretically achievable [7]. Those large Q factors pro-
vide in theory long lifetimes for studying nonclassical
states of motion. Of particular interest are nonlinear-
ities in the optomechanical interaction [10–14]. For ex-
ample, the control over the position of ions or levitated
nanoparticles within an optical cavity enables tuning be-
tween linear and quadratic optomechanical coupling [15–
18]. In membranes, single-photon to two-phonon cou-
pling rates have been demonstrated to reach up to 240 Hz
[19–21] paving the way to phonon shot noise measure-
ments [22]. Moreover, to prepare nonGaussian quantum
states some degree of nonlinearity is necessary so that
quadratic coupling plays a fundamental role in many pro-
posed protocols to generate, for example, quantum su-
perpositions [23] and Fock states [24, 25]. Levitation of
a nanoparticle in a cavity standing wave is particularly
favorable to study quadratic coupling, since there is no
external elastic potential. The particle is naturally at-
tracted by the optical gradient force toward an intensity
maximum where the coupling is purely quadratic. Here
we demonstrate a nonlinear coupling strong enough to
cool a levitated nanosphere by more than two orders of
magnitude. To the best of our knowledge, this is the
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first time dominant cooling due to this type of coupling
in a cavity is reported. Importantly, the resulting oscil-
lator dynamics is equivalent to that obtained with active
parametric feedback [26, 27]. However, as for the compar-
ison between linear cavity cooling and cold damping [28],
the cooling mechanism is passive and does not rely on
a position measurement. Finally, we describe the result-
ing highly nonthermal state of the mechanical motion
caused by the nonlinear interaction which compares well
with our theoretical description of the experiment.
FIG. 1. Simplified layout of the experiment [29]. A weak
probe beam is used to lock the cavity by implementing a PDH
scheme. A second beam, generated by a different laser, is
used to optically trap the particle. By detecting the beat
note of the lasers, the trapping beam is offset phase locked
to the PDH beam one FSR apart ∼ 10.3 GHz. The Paul
trap, mounted on a three-axis translation stage, is aligned in
the cavity transverse direction but kept far from the cavity
center. The trapping site can be controlled with a ∼ 10µm
resolution.
We create our optomechanical system by levitating a
highly charged silica nanosphere in a composite poten-
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2tial obtained by overlapping an electrodynamic potential
and an optical standing wave. The former provided by a
linear Paul trap, the latter resulting from driving a high
finesse Fabry-Perot cavity. In our typical scenario, the
nanoparticle is optically trapped along the main axis by
the gradient force in one of the cavity antinodes while
radial confinement is guaranteed by the Paul trap poten-
tial and the transverse beam profile. The presence of a
dielectric in the cavity field shifts its resonance frequency
by ∆(x) = −Uo cos2(kx) where x is the particle position
along the cavity axis with its origin at the antinode near-
est the cavity center, k = 2pi/λ the optical field wave
number and Uo =
3
2
V
Vm
−1
+2 ωl, the maximum frequency
shift obtained at the antinode of the electric field. Here,
V and Vm are the sphere and cavity mode volume, re-
spectively,  denotes the nanosphere permittivity and ωl,
the laser frequency. It is clear that ∆(x) can give rise to
a highly nonlinear optomechanical coupling.
We show in Fig. 1 a schematic overview of our ex-
perimental setup. Two Nd:YAG lasers with a wave-
length of λ ' 1064 nm drive a Lcav = 14.58 ± 0.02 mm
long cavity with a finesse of F = 36000 (half linewidth
κ/2pi = 143±1 kHz, input rate κin/2pi = 69±4 kHz). The
cavity has a nearly confocal configuration with a waist of
wst = 62µm (i.e. Vm = piw
2
st/4Lcav ). One laser is ex-
ploited as a weak probe field and locked to the cavity by
implementing a Pound-Drever-Hall (PDH) scheme. The
second is used to optically trap the nanoparticle. Its fre-
quency is offset locked to the weak beam, one Free Spec-
tral Range (FSR= c/2Lcav = 10.27±0.02 GHz) away and
its detuning from the cavity resonance can be precisely
controlled. Both beams are injected in the cavity with a
mode matching > 91%.
The particle is charged during the loading process by
means of electrospray ionisation and captured directly
in medium vacuum in the Paul trap (see Ref. [29, 30]).
We use commercial silica nanospheres of measured mass
m = 4.88±0.03×10−17 kg [31] and radius 185±2 nm. The
trap is mounted on a three-axis translation stage. This is
important for two reasons. First, it allows us to enhance
the linear coupling of the probe field by trapping opti-
cally away from the cavity center [32]. Second, it allows
us to strongly suppress excess micromotion. Indeed, con-
trary to previous implementations [16, 33], the dynamics
along the cavity axis is ideally micromotion free as long
as this axis coincides with the main axis of the Paul trap.
We can measure and control the position of the optical
trapping site referred to the cavity center with a resolu-
tion of ∼ 10µm, mainly limited by the particle thermal
variance before optical confinement.
In the following we focus on the center-of-mass mo-
tion (COM) along the cavity axis and assume that the
nanoparticle is confined at an antinode of the trapping
field. The nonlinear dynamical equation of motion for
the oscillator and the optical fields are [34]
x¨ = −ω2ox−
~kUo
m
∑
j
a†jaj sin[2(kx+ φj)]− γgx˙+
ζ
m
a˙j = −(κ− i∆jo)a+ iUo a cos2(kx+ φj) +
√
2κinαin,j + vj .
(1)
where j = p, t indicate the probe and trap fields, respec-
tively. In Eq. 1, ωo is the Paul trap secular frequency,
γg the gas damping, ∆
j
o is the empty cavity detuning,
κ = κin+κloss is the total cavity half linewidth, αin,j are
the driving amplitudes, vi =
√
2κin ain,j+
√
2κloss aloss,j
is a weighted sum of all vacuum operators. Field fluctua-
tions are uncorrelated with the only nonvanishing cor-
relation function given by 〈ai(t)a†j(t′)〉 = δ(t − t′)δij
and ζ is a Brownian stochastic force that arises from
background gas collisions and with a correlation function
given by〈ζ(t)ζ(t′〉) = 2 kBTbathmγgδ(t−t′) = Sthδ(t−t′),
where Tbath is the temperature of the background gas.
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FIG. 2. Calibrated PSD of the frequency fluctuations induced
by the particle motion in the PDH error signal at different
pressures. The blue, orange and red PSDs show the particle
displacement at pressures 1.2 × 10−2 mbar, 8.6 × 10−4 mbar
and 5.4× 10−6 mbar, respectively.
If we consider a scenario where the probe power is
significantly weaker than the trap beam, i.e. αin,p 
αin,t, it is quite immediate to see that upon usual ex-
pansion around the steady state solution to second or-
der of the trigonometric functions in Eq. 1 one finds a
purely quadratic coupling for the trapping beam with
G2,t = k
2Uo (i.e., φt = 0), while the probe field has
both a linear and quadratic coupling respectively given
by G1,p = kUo sin(2φp) and G2,p = k
2Uo cos(2φp). In
these last two expressions the phase is entirely deter-
mined by the position xo of the localisation site referred
to the cavity center, i.e., φp = pi/2+pixo/Lcav. To gather
a clearer understanding of the oscillator dynamics, how-
ever, it is more convenient to trace out the cavity rather
that linearize, i.e., we want to write an approximate equa-
tion of motion for the particle dynamics in the following
form
3x¨ = −Ω2mx
(
1 + Dx
2
)− (γg − Ω2mγnlx2) pm + ζm (2)
where Ωm is the optical trap frequency and where we
have introduced two additional terms: an elastic Duffing
nonlinearity D and a Van der Pol nonlinear damping
γnl. The latter corresponds to a dissipation process that
becomes more efficient for large amplitude oscillations.
Eqs. 1 can be rewritten in the form of Eq. 2 by looking at
a first order correction to the adiabatic approximation.
Neglecting the effect of the probe beam, assuming that
Ωm/κ  1, and by following the method described in
Ref. [35], one finds that
D =
2G2
κ
δ
(1 + δ2)
, γnl =
8G2
κ2
δ
(1 + δ2)2
, (3)
where δ is the normalized hot cavity detuning of the
trapping beam and Ω2m =
2~G2
m |αt,s|2 as expected, with
αt,s the steady state intracavity field amplitudes. Eqs. 3
are valid under the additional condition G2 < x
2 > κ
which is always satisfied in our experiment. As for the
linear coupling the oscillator dynamic depends critically
on the detuning sign. For a red detuned (δ < 0) trapping
beam the optical potential is softened and dissipation in-
creased while the opposite happens for a blue detuned
beam, which can result in dynamical instability. Interest-
ingly, both nonlinear coefficients are power independent,
this is a characteristic inherently due to levitation since
there is no intrinsic elastic potential.
It is quite convenient, at this point, to move to a ref-
erence frame rotating at Ωm and to write the equation
of motion for the amplitude R(t) and phase ϕ(t) of the
oscillator. By performing deterministic and stochastic
averaging [36–38], valid in the high Q limit, one obtains
two first order differential equations
R˙ = −γg
2
R+
Ω2mγnl
8
R3 +
Sth
4m2Ω2mR
+ ξ = −dV(R)
dR
+ ξ
ϕ˙ =
3Ωm
8
DR
2 +
1
R
χ.
(4)
Here, ξ and χ are two uncorrelated stochastic variables
with correlation function 〈ξ(t)ξ(t′〉) = 〈χ(t)χ(t′〉) =
(Sth/2m
2Ω2m)δ(t − t′) and where we introduced the po-
tential V(R). Eqs. 4 allows us to highlight two key as-
pects. First, the effect of the Duffing term is relegated
to the evolution of the phase and has no effect on the
energy of the oscillator. Second, the evolution of the
amplitude is phase independent. The latter is of partic-
ular importance, since it allows us to write a simple one
dimensional Fokker-Planck (FP) equation for the evo-
lution of the probability density function (PDF) of R
whose steady state solution is well known and given by
P∞(R) = N exp(−4m2Ω2mV(R)/Sth). This, reduces to
the Rayleigh distribution in the limit of vanishing non-
linear damping. Expressing the steady state solution of
the FP equation in terms of energy E rather than ampli-
tude, one readily finds
P∞(E) =
N
mΩ2m
exp
[
− E
kBTbath
(
1 +
γnl
4mγg
E
)]
(5)
where N is a normalization constant such that∫∞
0
P∞(E)dE = 1. Since the energy distribution is
known, all the relevant dynamical parameters can be ob-
tained, e.g., the effective temperature and damping. For
a vanishing nonlinear damping Eq. 5 becomes the usual
Boltzmann-Gibbs distribution.
It is important to notice that the coupled dynamics
described here is formally equivalent to active paramet-
ric feedback [27], indeed, Eq. 5 describes the steady state
energy distribution of both processes. This should not
come as a surprise since in both cases the oscillator dy-
namic is modified by an optical force proportional to x2p,
i.e., a Van der Pol nonlinear damping. As such quadratic
coupling can also be viewed as passive parametric feed-
back. Furthermore, Eq. 5 represents the classical limit of
two phonon cooling in the quantum regime [39].
Here, we present data obtained with a probe and trap
beam input power of 2.9µW and 830µW respectively.
The probe is locked near resonance while the trap beam
has a nominal red detuning of ∆t/2pi ' −100 kHz. The
particle motion is monitored through the PDH error sig-
nal since its linear coupling enables us to measure the
mechanical motion directly. Spectra at different pres-
sures are shown in Fig. 2. It is clear that the oscilla-
tor resonance at Ωm/2pi ' 51 kHz does not converge to
a Lorentzian-like peak, as the pressure is reduced, but
rather converges to a Gaussian peak. This apparent
broadening is due to low frequency intensity fluctuations
and by crosscoupling with the motion in the directions
perpendicular to the cavity axis. This motion is adiabat-
ically eliminated when moving to the rotating frame as
is the case for the Duffing nonlinearity.
The experimental energy distribution can be obtained
from the square of the oscillator amplitudeR(t) [40]. This
is shown in Fig. 3(a) and (b) at two different pressures
where the distributions are expressed in units of kB , i.e.
temperature, for a more intuitive reading. At the higher
pressure of Pg = 8.6 × 10−2 mbar (panel (a)), the devi-
ation from a thermal exponential distribution is imme-
diately recognizable, indeed, the nonlinear damping is
much more efficient in suppressing large amplitude fluc-
tuations. At the lower pressure of Pg = 1.6× 10−4 mbar
(panel (b)) this behaviour is initially less evident. As the
motion becomes colder the impact of the detection noise
becomes more relevant and it needs to be taken into ac-
count. Assuming the noise floor is white and uncorrelated
with the motion, its distribution is again exponential. We
fit the experimental data taking into account both pro-
cesses, the oscillator energy PDF is then recovered by
taking the marginal distribution. As the intrinsic gas
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FIG. 3. Panels (a) and (b): Energy distribution (blue), expressed in units of kB , for the motion along the x -axis along with
a fit (orange) following Eq. 5 for different pressures Pg = 8.6 × 10−2 mbar and 1.6 × 10−4 mbar respectively. In Panel (b) the
contribution of the detection noise is included; the corresponding marginal distributions for the motion (red dashed) and noise
(green dashed) are also shown. Panels (c) and (d) show the PSD of R2 corresponding to the distributions in panels (a) and
(b) respectively; fits (orange) of the R2 spectra allow a direct estimation of the energy autocorrelation time constant (see main
text); Panel (e): effective temperature as function of fitted parametric gain η = γnl/γg along with a priori analytical estimation
(orange line). Shaded region indicates the uncertainty of the theoretical curves due to experimental uncertainty in relevant
parameters; blue and green data points correspond to localization on slightly different optical wells. The red square marks the
datapoint corresponding to panels (a) and (c), the black square to panels (b) and (d).
damping cannot be measured independently, and pres-
sure gauges have a rather low accuracy, we use as fitting
parameter the ratio η = γnl/γg which can be interpreted
as a parametric gain.
We show in Fig. 3 (panel (c)) the experimental effec-
tive temperature Teff as a function of η, along with an a
priori analytical estimation. The final temperature can
be estimated in two ways: from the area of the peak
in the probe PSD, as is typical, and from the expecta-
tion value of the fitted distribution. The consistency of
these two estimates, well within the experimental uncer-
tainty, and the agreement with the analytical expecta-
tion, demonstrate that even at the lowest pressure the
quadratic coupling is the dominating process in the dy-
namics.
Another clear signature of the nonlinear damping,
is the dependance on pressure of the effective temper-
ature. An approximate expression can be obtained
from Eq. 5; in the low pressure limit, we have Teff =
(4mTbath/pikBη)
1/2. Since η grows inversely proportion-
ally to the pressure, the effective temperature decreases
proportionally to the square root of the pressure. This
is shown in Fig. 4 where the experimental observation
is compared with analytical estimation. A direct con-
sequence is that the effective total damping γeff must
have a similar behaviour; in the low pressure limit we
have γeff = γg (pikBTbathη/4m)
1/2. This implies per-
fect correlation between Teff and γeff as the pressure is
reduced.
A direct estimation of the effective damping can be
obtained even in the presence of the Duffing term and
of the broadening of the spectral peak, evident in Fig. 2.
By looking at the PSD of R2(t) it is possible to obtain
information on the energy autocorrelation time constant.
PSDs at two different pressures are shown in Fig. 3. Al-
though possible for a thermal oscillator [40], calculating
an analytical expression for the R2 PSD when the dy-
namic is dominated by a nonlinear damping is not triv-
ial. However, it can be shown that modeling the PSD
as SR2R2(ω) = 16γRa
2
o/(ω
2 + γ2R) then γR allows us to
calculate the effective damping as γeff = γR σ
2
E/〈E〉2,
where 〈E〉2 and σ2E are the energy mean and variance
respectively, both of which can be calculated from the
experimental distribution. The effective damping calcu-
lated with this method plotted as a function of Teff is
shown in Fig. 4(b) demonstrating the expected good cor-
relation.
In conclusion, we have demonstrated strong quadratic
cooling of the center-of-mass motion of a nanoparticle op-
tically trapped in a cavity standing wave. Comparison of
the experimental results show good agreement with an-
alytical a priori model. This type of passive parametric
feedback cooling is analogous to the active feedback cool-
ing in levitated optical tweezers and indeed comparable
temperatures are obtained here. The major difference
between the two methods is that the cavity automati-
cally applies feedback whereas conventionally detection
and electronic feedback are required to modulate the po-
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FIG. 4. Panel (a): The effective temperature as a function
of pressure. Panel (b): The measured effective damping as a
function of Teff . In both panels blue and green data points
correspond to localization on slightly different optical wells;
also shown is an analytical estimation (orange line) with the
shaded region indicating the uncertainty of the theoretical
curves.
tential for active cooling. We have also shown that a
highly nonthermal state is produced, which in the quan-
tum regime, would be a highly nonclassical state. In both
cases, the cooling rate decreases as the particle is cooled
to the bottom of the optical potential. Among the main
advantages of optical levitation in a cavity field lies in the
possibility of manipulating the coupling from quadratic
to linear and vice versa by simply controlling the power
ratio between the probe and trapping field. As linear cou-
pling is significantly more efficient than quadratic cooling
it should be possible to switch between the two config-
urations producing two nonequilibrium steady states at
different effective temperatures. This is a new tool for ex-
ploring nanoscale thermodynamics allowing the measure-
ment of the relative entropy change for testing nonequil-
brium thermodynamics and fluctuation theorems [41–43].
An even more intriguing possibility is to exploit a similar
protocol where the particle is initialized close to the quan-
tum ground state [2] through linear coupling and then
to adiabatically change to a quadratic coupling. Such
a scheme may allow squeezing of mechanical motion [39]
but also the creation of other nonclassical states by using
the nonlinear damping demonstrated here.
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